It is a classical problem in algebraic number theory to decide if a number field admits power integral bases and further to calculate all generators of power integral bases. This problem is especially delicate to consider in an infinite parametric family of number fields. In the present paper we investigate power integral bases in the infinite parametric family of pure quartic fields K = Q( 4 √ m). We often pointed out close connection of various types of Thue equations with calculating power integral bases (cf.
Thue equations of type a 4 − mb 4 = ±1 (in a, b ∈ Z) as well as we perform an extensive calculation by a high performance computer to determine "small" solutions (with max(|a|, |b|) < 10 500 ) of binomial Thue equations for m < 10 7 .
Using these results on binomial Thue equations we characterize power integral bases in infinite subfamilies of pure quartic fields. For 1 < m < 10 7 we give all generators of power integral bases with coefficients < 10 1000 in the integral basis.
Introduction
Let K be an algebraic number field of degree n with ring of integers Z K . There is an extensive literature (cf. [7] ) of power integral bases in K, that is integral bases of the form {1, γ, γ 2 , . . . , γ n−1 }. In general, if {1, ω 2 , . . . , ω n } is an integral basis of K, then the discriminant of the linear form ω 2 X 2 + . . . + ω n X n can be written as
where D K denotes the discriminant of the field K, and I(X 2 , . . . , X n ) is the index form corresponding to the above integral basis. As is known, for any primitive element γ = x 1 + ω 2 x 2 + . . . + ω n x n ∈ Z K (that is K = Q(γ)) we have
where the index of the additive groups of the corresponding rings are taken. I(γ) is the index of γ, which does not depend on x 1 . Therefore the element γ = x 1 + ω 2 x 2 + . . . + ω n x n generates a power integral basis of K if and only if x 1 ∈ Z and (x 2 , . . . , x n ) ∈ Z n−1 is a solution of the index form equation
This is the way the problem of power integral bases reduces to the resolution of diophantine equations. The elements β, γ ∈ Z K are called equivalent, if β ± γ ∈ Z. In this case I(β) = I(γ). We only consider generators of power integral bases up to equivalence. There is an extensive literature of index form equations and power integral bases. Until today there are efficient algorithms for calculating generators of power integral bases in number fields of degree up to 6, as well as for some higher degree fields of special structure. (The interested reader should consult I.Gaál [7] for a general overview, for fields up to degree 5 and for special higher degree fields. For sextic fields see Y.Bilu, I.Gaál and K.Győry [4] .) Considering this problem not only in a single number field but in an infinite family of fields is an especially challenging task. However we have succeeded in several cases, see e.g. I.Gaál [8] , I.Gaál and M.Pohst [11] , I.Gaál and T.Szabó [13] , [14] , I.Gaál [7] .
Pure quartic fields
The purpose of the present paper is to consider power integral bases in pure quartic fields. Recently pure cubic fields were studied by I.Gaál and T. Szabó [12] . Therefore it was straithforward to closely consider the problem of power integral bases in pure quartic fields that has not been investigated before. The main goal of this paper is to show that the problem of power integral bases in pure quartic fields can be reduced to quartic binomial Thue equations.
Let m be a positive integer and consider the pure quartic field
Assume that m is square free, m = ±1 and m ≡ 2, 3 (mod4). According to A.Hameed, T.Nakahara, S.M.Husnine and S.Ahmad [16] {1, α, α 2 , α 3 } is an integer basis in K. We shall use this integer basis to construct the index form equation therefore in the following we continue to assume these conditins on m.
Using results on binomial Thue equations and making direct calculations we obtained the following statements.
As we shall see it is easy to deal with negative values of m. Next we consider values of m composed of at most two primes less than or equal to 29. 
Then up to equivalence the only generators of power integral bases in
The following theorem uses results on binomial Thue equations for small values of m. 
Our last theorem was obtained by an extensive calculation using a supercomputer of "small" solutions of binomial Thue equations. The range m < 10 7 and the bound 10 1000 for the solutions must be sufficient for practical applications. 
Auxiliary tools I: Index form equations in quartic fields
Calculating generators of power integral bases is equivalent to solving the index form equation (1) . For quartic number fields it is an equation of degree 6 in 3 variables. However by using the method of I.Gaál, A.Pethő and M.Pohst [10] (see also I.Gaál [7] ) this can be reduced to cubic and quartic Thue equations that can be solved by using standard technics (cf. [7] ). We cite here this result in detail since this will be a basic tool in our proofs. Let K be a quartic number field generated by a root ξ with minimal polynomial
. We represent any ϑ ∈ Z K in the form
with coefficients a, x, y, z ∈ Z and with a common denominator d ∈ Z. Let n = I(ξ),
a binary cubic form over Z and
ternary quadratic forms over Z.
Lemma 6. (I.Gaál, A.Pethő and M.Pohst [10]) If ϑ of (2) generates a power integral basis in K then there is a solution
such that
Auxiliary tools II: Binomial Thue equations
Let g > 0 be a given integer. The index form equation in pure quartic fields will be reduced to a binomial Thue equation of type
In order to solve the index form equation we shall use some corresponding results on binomial Thue equations. If we know a positive solution of the binomial Thue equation, then the following result of M.A.Bennett is useful to exclude any other positive solutions.
Lemma 7. (M.A.Bennett [3])
If f, g are integers with f g = 0 and n ≥ 3 then the equation
has at most one solution in positive integers (a, b).
The following theorem describes all solutions of binomial Thue equation if its coefficients are composed of at most two primes less than or equal to 29. (5) Remark. The solutions with m = 82, 915, 1295 of Lemmas 9, 10 are indicated in the Corregindum [2] to [1] .
Our last theorem was obtained by an extensive computation using a high performance computer. We calculate the "small" solutions up to 10 500 of binomial Thue equations (5) for g up to 10 7 . Note that in several cases the calculation of fundamental units of the field K = Q( 4 √ g) is extremely time consuming. For example computing the fundamental unit in K = Q( 4 √ 18071) takes more than 10 minutes using Kash [6] and the coefficients of the fundamental unit in the integral basis have ca. 1000 digits. Therefore using the present machinery it does not seem feasible to completely solve all these Thue equations. However, according to our experience, these solutions yield all solutions with very high probability. 3 (mod4) ). Then by the result of A.Hameed, T.Nakahara, S.M.Husnine and S.Ahmad [16] {1, α, α 2 , α 3 } is an integer basis in the pure quartic field K = Q(α). This means n = I(α) = 1 and any ϑ ∈ Z K can be represented in the form (2) with d = 1. Therefore the equations (3) and (4) can be written in the following form:
Equation (6) implies u = ±1 and u 2 + 4mv 2 = ±1, whence v = 0. Case I. Let m < 0. Equation (7) implies x = 1 and z = 0. By equation (8) we get y = 0. This yields that up to equivalence ϑ = α is the only generator of power integral bases. This proves Theorem 1.
Case II. Let m > 1. Equation (7), that is x 2 − mz 2 = ±1 implies that gcd(x, z) = 1. Equation (8) , that is y 2 = xz implies that x and z are both squares. (Note that if (x, y, z) is a solution then so also is (−x, −y, −z), therefore we may assume that x, z are both nonnegative.) Set x = a 2 and z = b 2 with a, b ∈ Z. Then equation (7) yields the binomial Thue equation
All solutions (up to sign) of (7) and (8) 
where a, b are solutions of (9).
Theorem 2 is a consequence of Lemma 8.
To prove Theorem 3 observe that (a, b) = (s 4 t ± 1, s) is a positive solution of equation (9) . By Lemma 7 this and (a, b) = (1, 0) are all solutions of this equation. (x, y, z) are calculated from (a, b) by (10).
Theorem 4 is a consequence of Lemma 9 and of Lemma 10. Theorem 11 was proved by calculating "small" solutions of binomial Thue equations (9) with max(|a|, |b|) < 10 500 by using the method of Pethő [17] . The procedure was implemented in Maple [5] , we used 1200 digits accuracy. This extensive calculation involving almost 10 7 binomial Thue equations was performed on the supercomputer (high performance computer) network situated in Debrecen-Budapest-Pécs-Szeged in Hungary. The total running time was about 120 hours calculated for a single node which yields a few hours using parallel computing with a couple of nodes.
Theorem 5 is a consequence of Theorem 11 using (10).
